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Abstract

It is assumed that critical hemodynamic factors play an important role in the onset, localization and degree of post-operative
complications, for example, thrombosis and restenosis. Of special interest are sudden expansion flows, which may occur in straight
artery segments such as the common carotid after endarterectomy or end-to-end anastomoses. Sudden expansion geometries are
possible origins of early post-operative emboli and significant myointimal hyperplasia resulting in early or late complications.
Transient laminar axisymmetric and fully three-dimensional blood flows were simulated employing a validated finite volume code
in conjunction with a Runge–Kutta particle tracking technique. Disturbed flow indicators, which may predict the onset of thrombosis
and/or restenosis, were identified and employed to evaluate 90°-step and smooth expansion geometries.

Smooth expansion geometries have weaker disturbed flow features than step expansion geometries. Specifically, the regions near
the expansion wall and the reattachment point are susceptible to both atherosclerotic lesion and thrombi formations as indicated
by non-uniform hemodynamic indicators such as near-zero wall shear stress and elevated wall shear stress gradients as well as
blood particle accumulation and deposition. A new parameter, the wall shear stress angle deviation (WSSAD) has been introduced,
which indicates areas of abnormal endothelial cell morphology and particle wall deposition. In turn, regions of low wall shear stress
and high wall shear stress gradients are recognized as susceptible sites for arterial diseases. Thus, it is interesting to note that high
WSSAD surface areas cover low wall shear stress, high wall shear stress gradient locations as well as high wall particle deposition.

A gradual change in step expansion geometry provides better results in terms of WSSAD values and hence potentially reducing
atherosclerosis as well as thrombi formation. 2000 IPEM. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Although the actual causes of arterial diseases are
multifactorial and not exactly known, it has been sug-
gested that a locally dysfunctional endothelium and the
migration of low density lipoproteins and monocytes
into the arterial wall indicate the onset of atherosclerosis.
Furthermore, activated platelets, fibres and blood cells
may form thrombi in disturbed flow regions. Disturbed
flow indicators, which include extreme wall shear
stresses and their variations, correlate with arterial wall
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dysfunctions as well as local blood particle accumulation
and may lead to renewed atheroma and/or thrombosis
[1–8]. Of interest here are sudden expansions as they
may occur in a number of arterial geometries, including
the proximal regions of straight endarterectomized artery
segments, end-to-end anastomoses, and in areas of bal-
loon angioplasty with or without stent placement.

For example, it has been speculated that early post-
operative emboli originate at the common carotid step
after endarterectomy [9]. Although much attention has
been given to managing the internal carotid end point,
patch reconstruction, and prevention of early post-oper-
ative emboli, no study was found which considers a cor-
relation between the presence of a step and conditions
for early post-operative emboli. Archie [9] also postu-
lated that the local potential for mobility due to oscillat-
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ing pressures and high wall shear stress gradients in this
zone of disturbed flow may promote both dislodgment
of components of the exposed intima and media as well
as the formation of platelet-fibrin thrombi.

Endothelial cells form a protective barrier and are the
mass transfer regulator, covering the blood vessel walls.
They tend to align themselves with the flow field and
have an elongated tear drop configuration in steady lami-
nar flow. This means that wall shear stress changes may
alter the endothelial cells in shape as well as function.
According to the studies of Okano and Yoshida [10] and
Nerem et al. [11] atherosclerotic lesion-prone regions are
covered with irregular round-shaped endothelial cells,
with an increased intercellular permeability.

While it is rather difficult to measure transient three-
dimensional fluid-particle flow fields, the characteristics
of axisymmetric flow fields with particle trajectories in,
for example, straight arteries can be readily obtained via
direct velocity measurements and visualization tech-
niques [12–17]. Of particular interest are the experi-
mental results of Karino and Goldsmith [15] and Black-
shear et al. [17] who showed that a recirculation region
is an attractive place for thrombi formation. In addition,
Karino et al. [16] and Pritchard et al. [18] showed that
particle deposition has a tendency to increase near the
reattachment point where higher normal velocities
toward the wall exist. Complementary to experimental
studies of particle trajectories, computational analyses of
arterial particle-hemodynamics may reveal more detailed
information [19–25]. For example, Kunov et al. [20]
studied particle residence times for an axisymmetric
stenosed tube. They introduced the concept of volu-
metric residence time based on particle motion, accumu-
lation, and residence in a given location. Buchanan and
Kleinstreuer [19] analyzed transient particle distributions
and monocyte trajectories in a straight tube with a
smooth partial occlusion. Kleinstreuer and Hyun [24]
showed that the maximum particle wall deposition is
located near the reattachment point for steady as well
as pulsatile sudden expansion flows using a Lagrangian
particle transport model. Their results matched the
experimental observations by Karino and Goldsmith [15]
and Pritchard et al. [18].

This paper focuses on endarterectomized common
carotid arteries with different symmetric and asymmetric
expansion geometries, i.e., 90°-step as well as smooth
expansions, connecting the partially occluded section
upstream and the surgically restored section downstream
(cf. Fig. 1b). The majority of proximal endarterectomy
end-points in the common carotid artery are eccentric
because of the circumferential changes in intimal thick-
ening. Hence, we are focusing mainly on the non-con-
centric common carotid step. Considering a Casson-type
fluid, the transient Lagrangian particle-hemodynamics
are simulated for the tubular two- and three-dimensional
configurations. Time-averaged wall shear stresses (WSS)

Fig. 1. System schematics: (a) Input pulse for common carotid artery;
and (b) Stenosed artery segment.

and their spatial gradients (WSSG) are considered as
non-uniform hemodynamic indicators. Due to its strong
dependency on the type of input pulse [26], the dis-
cussion of the oscillatory shear index (OSI) is excluded
in this paper. In addition to calculating the wall shear
stress and its gradients, a new indicator, the wall shear
stress angle deviation (WSSAD) is introduced and its
implications to thrombosis and renewed atheroma are
discussed.

2. Theory

2.1. Flow equations

The system geometry with a typical flow input wav-
eform of the common carotid artery are shown in Fig.
1a and b. The input pulse in terms of Reynolds number
at the inlet (Fig. 1a) is taken from Bharadvaj et al. [32].
The period of the input pulse is 1 s and Womersley num-

ber, which is calculated byro!2p
T

1
v
, is about 3.8. The
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radius of the inlet tube is 2 mm and a “plaque layer”
has been removed downstream inside the common
carotid (cf. Fig. 1b), widening the lumen back to its orig-
inal shape with r1=4 mm. The remaining plaque
upstream is assumed to be uniform with a variable step
height ofhmin=0.5 mm andhmax=2 mm [9]. The compu-
tational inlet tube length is 30 timesr1 and the outlet
tube length is 50 timesr1, which are sufficient to obtain
fully developed transient velocity profiles [2].

Considering transient laminar, incompressible flow of
a non-Newtonian fluid and rigid arterial walls, the gov-
erning equations [27] are continuity:

=·v
→
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and linear momentum:
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The blood rheology is represented by:
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of the shear rate given by an extended Casson model
[28] as:
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The coefficientsC1 andC2 in Eq. (4) were determined
for a hematocrit ofHt=40% asC1 =0.2 (dyn/cm2)1/2 and
C2 =0.18 (dyn·s/cm2)1/2 based on Merrill’s experimental
data [29]. The asymptotic value of the viscosityHt=40%
was taken as the Newtonian viscositym=0.0348
dyn·s/cm2, which guarantees a smooth transition from
the Casson model to a Newtonian fluid. Since the Casson
model is only suitable for shear ratesġ.1 (s21), we take
h =0.1444 dyn.s/cm2 when ġ,1 (s21), which is the
“zero-shearrate” condition. All the values given are at
37°C.

The auxiliary boundary conditions are a parabolic
axial velocity profile at the inlet in form of Red(t) (no
radial and circumferential velocities), fully developed
velocity at the outlet, and no slip condition at the wall.
Fig. 2 depicts the finite volume meshes for axisymmetric
geometries (Fig. 2a and b) and asymmetric geometries

(Fig. 2c and d) considering 90°-step as well as smooth
expansions.

2.2. Blood particle dynamics

To predict the particle motion in pulsatile blood flow,
a Lagrangian approach is employed. The trajectory of a
particle suspended by the fluid flow is governed by the
rate of change of momentum and the external forces act-
ing upon it. The basic assumptions for the particle
motion analysis include non-interacting solid spheres as
well as negligible pressure gradient force and Basset
force. Due to the pulsatility of the blood flow, the par-
ticle motion is governed by the drag force and the par-
ticle acceleration effect. Thus, in the framework of the
Lagrangian formulation, the equation of motion of a rep-
resentative particle of massmp can be written as:

Smp1
mf

2 Dd2x
→

p

dt2
5F

→
d (6)

The second term in the parenthesis on the left hand
side is the virtual mass term for the accelerating particle,
wheremf is the mass of the fluid occupied by the par-

ticle. The drag forceF
→

d is of the form

F
→
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wherer is particle density,dp is particle diameter,v
→

f is

fluid velocity where the particle center is,v
→

p is the par-

ticle velocity,w
→

r=v
→

f2v
→

p is the relative velocity, andCd

has been obtained from Stokes flow condition

Cd524/Rep (8)

Here,Rep is the particle Reynolds number based on the

absolute value of the relative velocity, |w
→

r|, the diameter
of the particle,dp, and the viscosity of the fluid,n. In
this study, a particle represents a monocyte with a diam-
eter of 14 µm and a density of 1.08 g/cc, and it is
assumed to be “deposited” when it approaches the wall
within one radius, i.e. 7µm.

2.3. Arterial disease indicators

The local wall shear stress and its variations can be
employed as the “disturbed flow” indicators, which
identify the regions where potentially an arterial disease
process may start. It is assumed that high wall shear
stress areas may be sites of endothelial cell dysfunction
and platelet activation, leading to blood particle aggre-
gation and possible surface attachment in regions of
minimal shear stresses [30], whereas sustained non-zero
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Fig. 2. Computational meshes for expansion geometries.

wall shear stress gradients are indicators of sites suscep-
tible to restenosis [1,31] Thenewindicator, i.e., the wall
shear stress angle deviation (WSSAD), may turn out to
be a suitable parameter in the interpretation of physico-
biological processes leading to arterial diseases [24].

The six-component stress tensor in Eqs. (2) and (3)
reduces to a two-component shear stress vector at the
wall, i.e.

t
→→

⇒t
→

w5(tw,m,tw,n) (9a-c)
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1
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The wall shear stress gradient (WSSG) captures the
aggravating impact of temporal and spatialchangesin
wall shear on the lumen surface. It was suggested that,
when compared to clinical observations, high-sustained
WSSG-values could be correlated with susceptible sites
of restenosis, i.e., the onset of atherosclerosis and/or
hyperplasia [1,31]. Specifically, the time-averaged
WSSG is defined as:

|WSSG|5
1
TE

T

0

|WSSG|dt (10a)

where

|WSSG|5[∂tw,m/∂m)21(∂tw,n/∂n)2]1/2 (10b)

whereT is a period of input pulse,m indicates the mean
flow or tw,meandirection, andn is the normal tom on the
surface. While endothelial cells align themselves with
tw,mean, the instantaneoustw may differ.

A new quantitative predictor for the spatial changes
of wall shear stress direction links aggravating hemodyn-
amics with abnormal endothelial cell morphology and
incorporates the motion of fluid elements or blood par-
ticles towards the arterial wall. Regions with round or
polygonal endothelial cells, which were affected by the
aggravating wall shear stress environment, coincide with
areas of elevated endothelium permeability [10,11].
While the flow moves toward the wall, problematic par-
ticles (e.g. monocytes) may have a chance to adhere to
the endothelium and migrate into the wall at sites of
increased permeability. The mathematical expression for
the WSSAD in a general coordinate system is computed

as the mean angle betweent
→

i and the surrounding shear

stresses (t
→

j) with normal velocity effect on the particle
motion as follows:
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Here t
J→

i is the time-averaged wall shear stress vector at

surface pointi, v
J→

n,i is the time averaged, near-wall velo-

city component normal to the surfacei, n
→

is the normal
vector of the wall,T is the period of the input pulse,
subscript i is for the current node and j is an index for
neighboring cells. Typically, withj=1,2,3,4 a mean
WSSAD is computed for each locationi. The factorC
emphasizes the potential impact of approaching flow,
i.e., implying possible particle deposition on surface
elementi; C=0, for example, at flow separation points.
In three-dimensional flow fields, WSSAD values vary
between 0 andp indicating the least and most severe
conditions, respectively.

2.4. Numerical method

The numerical calculations have been carried out with
a validated finite volume-based algorithm CFX 4.2 with
the SIMPLEC algorithm for the pressure correction and
an algebraic multi-grid (AMG) scheme for the speed-up
of the inner iterations [32–34]. Lei [31], and Hyun [35]
have documented details of in-house numerical program
improvements and extensions for calculations of the dis-
turbed flow indicators and the transient particle transport.

In this study, a body-fitted coordinate system for the
computational domain has been used (cf. Fig. 2a-d). The
height (h) of expansion is assumed 2 mm for axisym-
metric geometries (cf. Fig. 2a and b). For the asymmetric
geometries, a variable step height of 0.5 mm for a
smaller expansion andhmax=2 mm for a larger one is
applied and inlet and exit tubes are connected eccentri-

Fig. 3. Velocity vector fields for axisymmetric expansion geometries
at representative time steps.
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Fig. 4. Velocity vector fields for asymmetric step expansion geometry at representative time steps.

cally (cf. Fig. 2c and d). The curve for the smooth expan-
sion wall consists of two arcs with the same radius of
curvature and the smooth expansion surface for the
three-dimensional geometry is interpolated using the
curves at the symmetry plane.

Once the flow-field solution is obtained, the equations
for the particle trajectory, Eq. (6) with Eqs. (7) and (8)
are integrated with the given initial conditions (initial
locations and velocity components of the particles) to
obtain explicitly the particle location and velocity
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Fig. 5. Velocity vector fields for asymmetric smooth expansion geometry at representative time steps.

components at any time. This initial value problem is
solved numerically with a fourth-order Runge–Kutta
routine. The time step for the particle transport is order
of 1024 s, which is small enough to remove the time step
dependency of a fourth-order Runge–Kutta integration.

3. Results

3.1. Velocity fields

As with most expansion geometries, jet-like flow can
be observed especially at timet3 (cf. Fig. 3a), while
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extended recirculation regions exist near the expanding
wall at timet5 for both axisymmetric geometries (cf. Fig.
3a–d). The velocity vector plots provide quite similar
flow patterns for both tubular expansions, i.e. recircu-
lation in the vicinity of the expansion wall, strong jet
flow around the center line, prolonged recirculation dur-
ing the decelerating systolic phase, and midstream for-
ward flow throughout the input pulse. The radial extent
of the recirculation regions for both axisymmetric expan-
sion cases is equal or larger than the actual expansion
height. However, the length of the recirculation region
for the step expansion is shorter than that for the
smooth expansion.

For the asymmetric expansion cases, the velocity vec-
tor plots are very different when compared to the axi-
symmetric expansion cases. Figs. 4 and 5 represent the
velocity vector fields for step and smooth asymmetric
expansion geometries, respectively. Special features of
three-dimensional asymmetric flow include jet-like
undulating, contracting and expanding flow near the
center of the tube while the slower moving fluid near
the wall recirculates. At peak systole (cf. Figs. 4d–f and
5d–f), strong vortical flow is found in the lower part of
the cross section near the expansion (cf. Section A-A).
This helical motion decays fast, so it cannot be found
downstream at section B-B, about four times of the exit
diameter away from the expansion. At the end of systole
(cf. Figs. 4d–f and 5d–f), the flow in the center area of
the tube is forward, but reverse flow exists near the wall
for the entire tube length. As expected, due to the lower
Reynolds number inlet condition, forward as well as spi-
ral motions are weaker than those for peak systole.

Although jetting flow may create a high wall shear
stress environment upstream and extended recirculation
regions with low wall shear stresses downstream from
the expansion, it is difficult to make a quantitative dis-
tinction in terms of disturbed flow characteristics
between the two geometries, i.e., step and smooth expan-
sions. However, it is evident that smooth expansion geo-
metries have weaker disturbed flow features than step
expansion geometries.

3.2. Disturbed flow indicators

Fig. 6 shows the time-averaged indicators for two-
dimensional axisymmetric step and smooth expansion
geometries, which are indicated by solid and dotted
lines, respectively. Flow separation occurs at the expan-
sion wall, x=0, and flow reattachment, which oscillates
in the proximal/distal direction, is observed. Suggested
values of the critical WSS are 0.4 dyn/cm2 for lower
WSS and 100 dyn/cm2 for higher WSS [4]. In the present
cases, there is no critical WSS region, i.e., extremely
high WSS or low WSS, except near the reattachment
point. The WSSG has a maximum near the expansion
wall and decreases rapidly to zero downstream. Elevated

Fig. 6. Time averaged non-uniform hemodynamic indicator distri-
butions for axisymmetric expansion geometries.

WSSG values are found inside and around the time-aver-
aged reattachment point. The new indicator, WSSAD,
has a maximum at the time-averaged reattachment point
and elevated values near it. The smooth expansion
geometry exhibits for the most part lower values in terms
of disturbed flow indicators, which implies a lower prob-
ability of an incidence of arterial diseases, as was
observed clinically [8].

For three-dimensional asymmetric expansion geo-
metries, non-uniform hemodynamic indicators are shown
in Figs. 7 and 8. Lower WSS regions exist near the
expansion wall and downstream of the expansion wall,
coinciding with flow separation zones (cf. Fig. 7a and b).
Flow separation occurs along the lateral wall and helical
motion of flow near the wall is observed. A higher
WSSG is focally found just near the expansion wall. The
WSSAD, which indicates abnormal endothelial cell mor-
phology changes and potential particle deposition, is
higher near the expansion wall as well as downstream
along the lateral wall. The smooth expansion exhibits
more uniform WSS contours than the step expansion;
however, very high WSSG-values are found at the
expansion wall. Higher WSSAD regions are found near
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Fig. 7. Time averaged non-uniform hemodynamic indicator distributions for asymmetric step expansion geometry.
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Fig. 8. Time averaged non-uniform hemodynamic indicator distributions for asymmetric smooth expansion geometry.
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the expansion wall and the lateral wall. The trends of
disturbed flow indicator distributions for the smooth
expansion geometry are similar to those for the step
expansion geometry, but the affected area for the smooth
expansion geometry is smaller.

3.3. Particle trajectories

To study particle aggregation and deposition, near-
wall particle motion is observed, and particle deposition
patterns for axisymmetric expansion geometries are
compared with WSSAD distributions (cf. Fig. 9). At
time t=t0, it is assumed that a large number of particles
are uniformly distributed inside the flow field with initial
radial locations of particles 10µm away from the wall.
200 uniformly distributed particles are seeded for axi-
symmetric expansion geometries. Particles are deposited
when the distance of the particle center from the wall is
less than or equal to 7µm. The steady-state result shows
the maxima of particle deposition near the time-averaged
reattachment point (cf. Fig. 9a) which coincides with the
locations of WSSAD peaks (cf. Fig. 9b). The results for
axisymmetric particle deposition distribution are similar
to those experimentally measured data from Karino et

Fig. 9. Particle deposition patterns compared with wall shear stress
angle deviation distribution.

al. [16] and Pritchard et al. [18], which is summarized
in Hyun [35].

Particle transport simulations were also performed for
asymmetric geometries (cf. Figs. 10 and 11) and com-
pared to WSSAD surface contours. At timet=t0, a large
number of particles (3000 particles) are evenly distrib-
uted throughout the flow field as shown in Figs. 10a or
11a. The initial distance from the wall in this case is 100
µm. As time elapses, some particles deposit on the wall,
and others are convected downstream (cf. Figs. 10b and
11b). Particle deposition and accumulation occur along
the lateral wall, where flow separation is observed and
particle residence time is prolonged (cf. Figs. 10c and
11c). The high particle deposition region correlates well
with elevated WSSAD contour areas (cf. Figs. 10d
and 11d).

4. Discussion

Over the last two decades it has been well documented
that non-uniform hemodynamics, i.e. areas of “disturbed
flow”, play a significant role in the onset and progression
of abnormal biological events in large arteries with com-
plex geometries, i.e. bends, bifurcations, branches as
well as sudden expansions or partial occlusions. A
carotid endarterectomy (CEA) producing a step in the
common carotid artery is the first source of flow disturb-
ance in a reconstructed carotid artery, and thrombi for-
mation and recurrent arterial disease are generally
localized over the expansion surfaces of the adjacent
endarterectomized wall. This upstream source of dis-
turbed flow should be reduced to minimize downstream
disturbances in the bifurcation or in reconstructed
carotid arteries.

In this study, the transient flow structures and particle
transport in the vicinity of axisymmetric and asymmetric
expansions are simulated and possible links between dis-
turbed flow indicators with particle transport and post-
operative complications in endarterectomized common
carotid artery are analyzed.

In general, recirculation zones behind the expansion,
zero-flow areas in the expansion corner, negative radial
pressure gradients, and positive normal velocities toward
the wall near reattachment points are found in those geo-
metries. For asymmetric geometries, no closed zones of
recirculating flow exist, but helical flow behind the
expansions is observed. The smooth expansions are bet-
ter than 90°-step expansions because near-zero WSS
areas and extended disturbed flow patterns are largely
avoided. However, the exact form of gradual expansion,
i.e. slanted, smooth 2nd-order, smooth 3rd-order, etc.,
was immaterial as shown by Hyun [35]. In general, all
non-uniform hemodynamic indicators spike at the
expansion edge and along the expansion wall for both
expansion geometries.
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Fig. 10. Transient particle deposition and accumulation for asymmetric step expansion geometry compared with wall shear stress angle deviation
contour plot.
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Fig. 11. Transient particle deposition and accumulation for asymmetric smooth expansion geometry compared with wall shear stress angle deviation
contour plot.
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The particle behavior shows that the region near the
expansion wall is a susceptible place for extended par-
ticle entrainment, aggregation, and possibly for particle
deposition where particle residence time is prolonged.
The smooth expansion shows less deposition of particles.
For the smooth expansion geometry, the particle depo-
sition distribution shows that most of the particles are
entrained by the main stream and convected downstream
and no permanent stasis or deposition is observed. The
particle transport simulation results for three-dimen-
sional expansion geometries are different from those for
2-D axisymmetric expansion geometries.

The wall shear stress angle deviation (WSSAD),
which is a new non-uniform hemodynamic indicator rep-
resenting abnormal endothelial cell morphology and par-
ticle transport near the wall, correlates well with suscep-
tible sites of near-wall particle accumulation and wall
deposition. Hence, high WSSAD contour regions indi-
cate areas with abnormal changes in endothelial cell
morphology, which is characterized by polygonal cell
shapes with larger intercellular gaps. In addition, as in
the region of stagnant (or reattachment point) flow, nor-
mal velocity components toward the wall and reverse
pressure gradients influence particle accumulation and
deposition. High WSSAD regions can be expected in
atherosclerotic lesion-prone regions and in areas of
thrombotic particle aggregation and wall deposition.

Generally, low WSS and high WSSG regions are
recognized as susceptible sites for arterial diseases.
Thus, it is interesting to note that high WSSAD regions
covers low WSS as well as high WSSG locations.
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